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1 The Main Result 



The new results in this summary are based on some of the results in refs. 0. We consider 
N = 1 supersymmetric SU(2) gauge theories in four dimensions, with any possible content of 
matter superfields, such that the theory is either one-loop asymptotic free or conformal. This 
allows the introduction of 2Nf matter supermultiplets in the fundamental representation, Q1, 
i = l,...,2Nf, Na supermultiplets in the adjoint representation, a = 1,...,Na, and N 3 / 2 
supermultiplets in the spin 3/2 representation, Here a, b are fundamental representation 
indices, and $ ab = $ ba (we present \I/ in a schematic form as we shall not use it much). The 
numbers Nf, Na and are limited by the condition: 

h x = 6 - N f - 2N A - 5iV 3/2 > 0, (1.1) 

where —b\ is the one-loop coefficient of the gauge coupling beta-function. 

The main result of this talk is the following: the effective superpotential of an (asymptotically 
free or conformal) N — 1 supersymmetric SU(2) gauge theory, with 2Nf doublets and Na 
triplets (and N 3 / 2 quartets) is 

W Nf>NA (M,X,Z,N 3/2 ) = S N3/2j0 (4 -feOjA-^Pf^X^et^^)] 3 }^ 4 " 60 

+ Ti NA mM + -Tr 2Nf mX + -=Tr 2Nf \ a Z a + 5 Ns/2} igU, (1.2) 

where 

T aP {M,X,Z) = M a(S + Tr 2Nf (Z a X- 1 Z l3 X- 1 ). (1.3) 

The first term in (|1.2j) is the exact (dynamically generated) nonperturbative superpotential^, 
and the other terms are the tree-level superpotential. A is the dynamically generated scale, 
while m a p, rriy and Ag- are the bare masses and Yukawa couplings, respectively (m a p = rhp a , 
rriij = —rriji, Xfj = A"J. The gauge singlets, X, M, Z, U, are given in terms of the N — 1 
superfield doublets, Q a , the triplets, $ afe , and the quartets, as follows: 

Xij = QiaQj, a = 1,2, i,j = l,...,2N f , 
M a/3 = $^ a , a,/3=l,...,N A , a, b = 1,2, 
Z« = QAQ), U = ^\ (1.4) 

Here, the a, b indices are raised and lowered with an e ah tensor. The gauge-invariant superfields, 
X^, may be considered as a mixture of SU(2) "mesons" and "baryons", while the gauge- 
invariant superfields, Zfp may be considered as a mixture of SU(2) "meson-like" and "baryon- 
like" operators. 

integrating in the "glueball" field S = —W^, whose source is logA &1 , gives the nonperturbative superpoten- 
tial: 

W(S,M,X,Z) = S [lo g (^^)- { 4- bl ) 
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Equation (|1 . 2| ) is a universal representation of the superpotential for all infra-red non-trivial 
theories; all the physics we shall discuss (and beyond) is in ( |1.2|) . In particular, all the symme- 
tries and quantum numbers of the various parameters are already embodied in W^ f ^ A . The 
nonperturbative superpotential is derived in refs. |], by an "integrating in" procedure, fol- 
lowing refs. II |]. The details can be found in ref. 0, and will not be presented here. Instead, 
we list the main results concerning each of the theories, Nf, Na, N 3 / 2 , case by case. 



2 bi = 6: N f = N A = N 3/2 = 

This is a pure N = 1 supersymmetric SU(2) gauge theory. The nonperturbative effective 
superpotential is[| 

W 0fi = ±2A 3 . (2.1) 



This theory was considered before ||. The superpotential in eq. (|2.1|) can be derived by 
integrating out the matter of any of the other theories; it is non-zero due to gluino condensation. 
The "±" in (|2.1J ) comes from the square-root, appearing on the braces in (1.2), when b\ = 6; 



it corresponds, physically, to the two quantum vacua of a pure N = 1 supersymmetric SU (2) 
gauge theory. 



3 6 1 = 5: iV>= 1, N A = N 3/2 = 

There is one case with b\ = 5, namely, SU(2) with one flavor. This theory was considered before 
||; it is a particular case of SU(N C ) with Nf — N c — 1. The superpotential is 

W lfi = Y + mX ' (3- 1 ) 

where X and m are defined by: = Xe^, m^- = — mey. The nonperturbative part of Wi 7 o 
is proportional to the one instanton action. The vacuum degeneracy of the classical low-energy 
effective theory is lifted quantum mechanically; from eq. ( |3.1|) we see that, in the massless case, 
there is no vacuum at all. 



4 bi = 4 

There are two cases with b\ = 4: either Nf = 2, or Na = 1. In both cases, the nonperturbative 
superpotential vanishes and, in addition, there is a constraint^. 



7 This can be read from eq. (1.2) by setting TrajV/O) = 0, det2jV/(0 = 1 (for example, POT = 1, T = M) 
when Nf — 0, and Trjv A (-) = 0, det^- A (-) = 1 (for example, detT = 1) when Na — 0; this will also be used later. 
8 This is reflected in eq. (|1.2[) by the vanishing of the coefficient (4 — b\) in front of the braces, leading to 



W — 0, and the singular power 1/(4 — b%) on the braces, when b\ — 4, which signals the existence of a constraint. 
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4.1 N f = 2,N A = N i/2 = 

The nonperturbative superpotential vanishes 



W non- P er. = ^ ^ 

and by the integrating in procedure we also get the quantum constraint: 

PfX = A 4 . (4.2) 

This theory was considered before ||; it is a particular case of SU(N C ) with Nf = N c . At the 
classical limit, A — > 0, the quantum constraint collapses into the classical constraint, PfX = 0. 

4.2 N f = 0,N A = 1, N i/2 = 

The massless Na = 1 case is a pure SU(2), N = 2 supersymmetric Yang- Mills theory. This 
model was considered in detail in ref. ||. The nonperturbative superpotential vanishes 

W non- P er. = ^ ^ 

and by the integrating in procedure we also get the quantum constraint: 

M = ±A 2 . (4.4) 

This result can be understood because the starting point of the integrating in procedure is a 
pure N = 1 supersymmetric Yang-Mills theory. Therefore, it leads us to the points at the verge 
of confinement in the moduli space. These are the two singular points in the M moduli space of 
the theory; they are due to massless monopoles or dyons. Such excitations are not constructed 
out of the elementary degrees of freedom and, therefore, there is no trace for them in W. (This 
situation is different if Nf ^ 0, Na = 1; in this case, monopoles are different manifestations of 
the elementary degrees of freedom.) 



5 hi = 3 

There are two cases with b\ = 3: either Nf = 3, or N^ = Nf = 1. In both cases, for vanishing 
bare parameters in (|1.2|) , the semi-classical limit, A — > 0, imposes the classical constraints, given 
by the equations of motion: dW = 0; however, quantum corrections remove the constraints. 



5.1 N f = 3, N A = N 3/2 = 
The superpotential is 



PfX 1 

W 3fi = -^ r + -TrmX. (5.1) 
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This theory was considered before ||; it is a particular case of SU(N C ) with Nf = N c + 1. 
In the massless case, the equations dxW = give the classical constraints; in particular, the 
superpotential is proportional to a classical constraint: PfX = 0. The negative power of A, in 
eq. (|5.1|) with m = 0, indicates that small values of A imply a semi-classical limit for which the 
classical constraints are imposed. 



5.2 N f = l, N A = 1, N 3/2 = 



In this case, the superpotential in ( |1.2| ) reads 

Pf X 1 1 

Wi i = r^r 2 + ml + -TrmX + —=Tr\Z. (5.2) 

A 3 2 v/2 V 7 

Here m, X are antisymmetric 2x2 matrices, A, Z are symmetric 2x2 matrices and 

r = M + Tr(ZX- 1 ) 2 . (5.3) 

This superpotential was found before in ref. J7|. To find the quantum vacua, we solve the 
equations: d^W = dxW = dzW = 0. Let us discuss some properties of this theory: 

• The equations dW = can be re-organized into the singularity conditions of an elliptic 
curve: 

y 2 = x 3 + ax 2 + bx + c (5.4) 

(and some other equations), where the coefficients a, b, c are functions of only the field M, 
the scale A, the bare quark masses, m, and Yukawa couplings, A. Explicitly, 

A 3 a 

a = -M, b = —Pirn, c = , (5.5) 

4 16 V ; 

where 

A 6 

a = — det A. (5.6) 
4 



The parameter x, in the elliptic curve ( |5.4|) , is given in terms of the composite field: 

x = ir. (5.7) 



Wx t i has 2 + Nf = 3 vacua, namely, the three singularities of the elliptic curve in fl5.4|) , 
fl5]5| ). These are the three solutions, M(x), of the equations: y 2 = dy 2 /dx = 0; the 
solutions for X, Z are given by the other equations of motion. 

The 3 quantum vacua are the vacua of the theory in the Higgs- confinement phase ||. 

Phase transition points to the Coulomb branch are atX = 0<^m = 0. Therefore, we 
conclude that the elliptic curve defines the effective Abelian coupling, r(M, A, m, A), in the 
Coulomb branch. 
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• On the subspace of bare parameters, where the theory has an enhanced N = 2 supersym- 
metry, the result in eq. (|5.5|) coincides with the result in |9j for Nf = 1. 

• In the massless case, there is a Z A _ Nf = Z 3 global symmetry acting on the moduli space. 

• When the masses and Yukawa couplings approach zero, all the 3 singularities collapse to 
the origin. Such a point might be interpreted as a new scale-invariant theory |J. As before, 
the negative power of A, in eq. ( |5.2j ) with ifi = m = A = 0, indicates that small values of A 
imply a semi-classical limit for which the classical constraint, T = 0, is imposed. Indeed, 
for vanishing bare parameters, the equations of motion are solved by any M, X, Z obeying 
r = 0. 



6 b x = 2 

There are three cases with bi = 2: Nf = 4, or A4 = 1, Nf = 2, or A4 = 2. In all three cases, 
for vanishing bare parameters in ( |1.2| ), there are extra massless degrees of freedom not included 
in the procedure; those are expected due to a non-Abelian conformal theory. 



6.1 N f = 4, N A = N 3/2 = 
The superpotential is 

(PfX)% 1 

W 4 ,o = -2 V + -TrmX. (6.1) 

This theory was considered before in 0; it is a particular case of SU(N C ) with Nf > N c + 1. In 
the massless case, the superpotential is proportional to the square-root of a classical constraint: 
PfX = 0. The branch cut at PfX = signals the appearance of extra massless degrees 
of freedom at these points; those are expected in ref. Therefore, we make use of the 

superpotential only in the presence of masses, m, which fix the vacua away from such points. 



6.2 N f = 2, N A = 1, N 3/2 = 

In this case, the superpotential in ( |1.2| ) reads 

(PfA)i 1 1 

W 2 1 = -2^ + mM + -TrmX + —=Tr\Z. (6.2) 

' A 2 v/2 

Here m, X are antisymmetric 4x4 matrices, A, Z are symmetric 4x4 matrices and F is given 
in eq. (|5.3|) . As in section 5.2, to find the quantum vacua, we solve the equations: dW = 0. 
Let us discuss some properties of this theory: 
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The equations dW = can be re-organized into the singularity conditions of an elliptic 
curve ( |5.4|) (and some other equations), where the coefficients a, b, c are functions of only 
the field M, the scale A and the bare quark masses, m, and Yukawa couplings, A. Explicitly 

II, 

A 2 

a = -M, fe=-^ + _Pf m , c = |(2M + Tr(^)), (6.3) 

where 

A 4 

a = — det A, /i = A 1 m. (6.4) 
16 

As in section 5.2, the parameter x, in the elliptic curve ( |5.4j ), is given in terms of the 
composite field: 

x = l -Y. (6.5) 
Therefore, we have identified a physical meaning of the parameter x. 

Wi,\ has 2+Nf = 4 vacua, namely, the four singularities of the elliptic curve in ( |5.4| ), ( p.'S\ ). 
These are the four solutions, M(x), of the equations: y 2 = dy 2 /dx = 0; the solutions for 
X, Z are given by the other equations of motion. 

The 4 quantum vacua are the vacua of the theory in the Higgs- confinement phase. 

Phase transition points to the Coulomb branch are atX = 0=^m = 0. Therefore, we 
conclude that the elliptic curve defines the effective Abelian coupling, t(M, A, m, A), in the 
Coulomb branch. 

On the subspace of bare parameters, where the theory has an enhanced N = 2 supersym- 
metry, the result in eq. (|6.3|) coincides with the result in |J for Nf = 2. 

In the massless case, there is a Z^_^ f = Z 2 global symmetry acting on the moduli space. 

For special values of the bare masses and Yukawa couplings, some of the 4 vacua degener- 
ate. In some cases, it may lead to points where mutually non-local degrees of freedom are 
massless, similar to the situation in pure N = 2 supersymmetric gauge theories, consid- 
ered in [|TT|. For example, when the masses and Yukawa couplings approach zero, all the 4 
singularities collapse to the origin. Such points might be interpreted as in a non- Abelian 
Coulomb phase ||. 

The singularity at X = (in T) and the branch cut at PfX = (due to the 1/2 power 
in eq. (|6.2|)) signal the appearance of extra massless degrees of freedom at these points; 



those are expected similar to refs. [0, 0. Therefore, we make use of the superpotential 



only in the presence of bare parameters, which fix the vacua away from such points. 
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6.3 N f = 0, N A = 2, N 3/2 = 

In this case, the superpotential in eq. ( |1.2| ) reads 



W 0>2 = ±2^^ + TrmM. (6.6) 

Here fh, M are 2x2 symmetric matrices, and the "±" comes from the square-root, appearing 
on the braces in (|1.2|) , when b\ = 2. The superpotential in eq. (|6.6| ) is the one presented in 
[0, [13| on the confinement and the oblique confinement branches! (they are related by a discrete 



symmetry ||). This theory has two quantum vacua; these become the phase transition points 
to the Coulomb branch when detm = 0. The moduli space may also contain a non-Abelian 
Coulomb phase when the two singularities degenerate at M = J7j; this happens when fh = 0. 
At this point, the theory has extra massless degrees of freedom and, therefore, Wq,2 f ans to 
describe the physics at fh = 0. Moreover, at fh — 0, the theory has other descriptions via an 
electric-magnetic triality M. 



7 h = l 

There are four cases with b\ = 1: Nf = 5, or Na — 1, Nf = 3, or Na = 2, Nf = 1, or N3/2 = 1. 



7.1 N f = 5, N A = N 3/2 = 
The superpotential is 

This theory was considered before in 



(Pfx)i 



-TrmX. 



(7.1) 



it is a particular case of SU(N C ) with Nf > N c + 1. 



The discussion in section 6.1 is relevant in this case too. 



7.2 N f = 3,N A = 1, N 3/2 = 

In this case, the superpotential in ( |1.2|) reads 



W" 3 1 = _ 3 ( PfX ) 3 r | + ^ M + IxrmX + -^-=Tr\Z. 

'As 2 



(7.2) 



Here m, X are antisymmetric 6x6 matrices, A, Z are symmetric 6x6 matrices and F is given 
in eq. ( |5.3|) . Let us discuss some properties of this theory: 

9 The fractional power 1/(4 — 61) on the braces in ( |l.2| ), for any theory with b\ < 2, may indicate a similar 
phenomenon, namely, the existence of confinement and oblique confinement branches of the theory, corresponding 
to the 4 — bi phases due to the fractional power. It is plausible that, for SU(2), such branches are related by a 
discrete symmetry. 
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The equations dW = can be re-organized into the singularity conditions of an elliptic 
curve (|5.4J) (and some other equations), where the coefficients a, b, c are |], || 

a = -M -a, b = 2aM + ^Tr(/i 2 ) + jPfm, 
c = |(-8M 2 -4MTr( /U 2 )-[Tr(^ 2 )] 2 + 2Tr(/i 4 )), (7.3) 

A 2 

a = — det A, fi = X l m. (7.4) 
64 



where 



In eq. ( J7.3[ ) we have shifted the quantum field M to 

M — > M — a/4. (7.5) 

The parameter x, in the elliptic curve ( |5.4|) , is given in terms of the composite field: 

Therefore, as before, we have identified a physical meaning of the parameter x. 

Ws t i has 2 + Nf = 5 quantum vacua, corresponding to the 5 singularities of the elliptic 
curve (|5.4|) , (|7.3| ); these are the vacua of the theory in the Higgs- confinement phase. 

From the phase transition points to the Coulomb branch, we conclude that the elliptic 
curve defines the effective Abelian coupling, t(M, A,m, A), for arbitrary bare masses and 
Yukawa couplings. As before, on the subspace of bare parameters, where the theory has 
N = 2 supersymmetry, the result in eq. ( [7.31) coincides with the result in || for Nf = 3. 

For special values of the bare masses and Yukawa couplings, some of the 5 vacua degen- 
erate. In some cases, it may lead to points where mutually non-local degrees of freedom 
are massless, and might be interpreted as in a non- Abelian Coulomb phase or another new 
superconformal theory in four dimensions (see the discussion in section 6.2). 

The singularity and branch cuts in W^,\ signal the appearance of extra massless degrees 
of freedom at these points. The discussion in the end of section 6.2 is relevant here too. 



7.3 N f = 1,N A = 2, N 3/2 = 

In this case, the superpotential in ( |1.2| ) reads 

Wi 2 = -3 (Pf A X r /3 ( det r ) 2/3 + MM + ^TrmX + -^Tr\ a Z a . (7.7) 
A 1 ' 6 2 a/2 

Here m and X are antisymmetric 2x2 matrices, X a and Z a are symmetric 2x2 matrices, 
a = 1,2, m, M are 2x2 symmetric matrices and Y a p is given in eq. ( p..3|) . This theory has 3 
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quantum vacua in the Higgs-confinement branch. At the phase transition points to the Coulomb 
branch, namely, when detm = <^ detM = 0, the equations of motion can be re-organized 
into the singularity conditions of an elliptic curve (|5.4| ). Explicitly, when m 2 2 = 77112 = 0, the 
coefficients a, b, c in ( |5.4| ) are @ 




However, unlike the Na = 1 cases, the equations dW = cannot be re-organized into the 
singularity condition of an elliptic curve, in general. This result makes sense, physically, since 
an elliptic curve is expected to "show up" only at the phase transition points to the Coulomb 
branch. For special values of the bare parameters, there are points in the moduli space where 
(some of) the singularities degenerate; such points might be interpreted as in a non-Abelian 
Coulomb phase, or new superconformal theories. For more details, see ref. 0. 



7.4 N f = N A = 0, N 3/2 = 1 

This chiral theory was shown to have Wo ™~ per '(N3/2 
superpotential, W tre e = gU, where U is given in (EC 4j 
breaking [ 14 . 



1) = [I4"|; perturbing it by a tree-level 
may lead to dynamical supersymmetry 



8 61 = 

There are five cases with b\ = 0: Nf = 6, or Na = 1, Nf = 4, or Na = Nf = 2, or Na = 3, or 
A^/2 = Nf = 1. These theories have vanishing one-loop beta-functions in either conformal or 
infra-red free beta-functions and, therefore, will possess extra structure. 

8.1 N f = 6, N A = N 3/2 = 

This theory is a particular case of SU(N C ) with Nf = 3N C ; the electric theory is free in the 
infra-red 

8.2 N f = 4, N A = 1, N 3/2 = 

In this case, the superpotential in ( |1.2|) reads 



Wi 1 = -4 ( Pf f") 4 + mM + -TrmX + -^TrXZ. (8.1) 
At 2 V2 



10 A related fact is that (unlike the Na = 1, Nf — 4 case, considered next) in the (would be) superpotential, 
W 6 , = -4A" bl / 4 (PfX) 1 / 4 + iTrmX, it is impossible to construct the matching "A bl "= /(to), where t is the 
non-Abelian gauge coupling constant, in a way that respects the global symmetries. 
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Here m, X are antisymmetric 8x8 matrices, A, Z are symmetric 8x8 matrices, T is given in 
eq. (|5.3|) and 

A bl = 16a(r ) 1 / 2 (detA)- 1/2 , (8.2) 
where a(r ) will be presented in eq. (|8.4j ). Let us discuss some properties of this theory: 

• The equations dW = can be re-organized into the singularity conditions of an elliptic 
curve ( |5.4|) (and some other equations), where the coefficients a, b, c are |], || 



1 f„a + l w 8 a m , ,.1 

^{ 2 ^l M V(^TF Tr(/i) }' 

■If -16 a M* + ^ a{a + 1) 
3^ {a-lf (3 2 {a-lf 







a 



ft 4 (a - iy 



(Tr(^)Y - 2Tr(^ 



+ 



MTr(/i 2 
4 (a + 1)A 



ft 4 {a -I) 



+ M 



16a(a + 1 VV)) 2 -2Tr(/)) + 



ft 4 (a - l) 3 
32 a 



32 aA bl 



/3 4 (a - l) 3 
Tr^Tr^-^Tr^ 2 )) 3 -^^ 6 )]}. 



Pfm 



(8.3) 



Here fi = X 1 m and a, /3 are functions of r , the non-Abelian gauge coupling constant; 
comparison with ref. || gives 



where 



a(ro) "^56- detA 



^(ro) = E(- 1 )" emron2 



'fl2 /)2\ 2 



0f + *S, 



/3(ro) 



neZ 



6 8ni 

#0 



In eq. 



we have shifted the quantum field M to 

M -> /? 2 M - aTr// 2 /(a - 1). 



•4) 



i.5) 



(8.6) 



The parameter x, in the elliptic curve ( |5.4|) , is given in terms of the composite field: 



x = 



ft 1 



4a 



(a-iy 



rTr^ 2 



(8.7) 



W^i has 2 + Nj = 6 quantum vacua, corresponding to the 6 singularities of the elliptic 
curve (|5.4J), (|8.3|); these are the vacua of the theory in the Higgs- confinement phase. 
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• As before, from the phase transition points to the Coulomb branch, we conclude that 
the elliptic curve defines the effective Abelian coupling, t(M, A, m, A), for arbitrary bare 
masses and Yukawa couplings. On the subspace of bare parameters, where the theory has 
N = 2 supersymmetry, the result in eq. ( |3.3| ) coincides with the result in || for Nf = 4. 

• The discussion in the end of sections 6.2 and 7.2 is relevant here too. 

• We can get the results for Na = 1, Nf < 4, by integrating out flavors. 

• In all the Na = 1, Nf ^ cases we derived the result that r is a section of an SL(2, Z) 
bundle over the moduli space and over the parameters space of bare masses and Yukawa 
couplings (since r is a modular parameter of a torus). 



8.3 N f = 2,N A = 2, N 3/2 = 

It was argued that this theory is infra-red free 

8.4 N f = 0, Na = 3, N 3/2 = 

In this case, the superpotential in eq. (|1.2| ) reads 



W„ = -^p. + Trff M . (8.8) 
A~ 

Here m, M are 3x3 symmetric matrices. The superpotential (|8.8|) equals to the tree-level 
superpotential, W tre e — Adet$, where, schematically, det $ ~ e^^^ ~ (detM) 1 / 2 is the (anti- 
symmetric) coupling of the three triplets, This result coincides with the one derived in fl3fl . 
Therefore, we identify the matching " J \- b i/ 4 "= A/(ro), which respects the global symmetries. 
In the massless case, this theory flows to an A^ = 4 supersymmetric Yang-Mills fixed point. 

8.5 N f = 1,N A = 0, N 3/2 = 1 

It was argued that this theory is infra-red free M. 



9 More Results 

We have summarized some old and new results in A^ = 1 supersymmetric SU(2) gauge theories. 
More new results, along the lines of this investigation, were derived in 0, [15], [RJ. In ref. 
[0, we have derived some results in A^ = 1 supersymmetric SU(N C ) gauge theories, N c > 

n A related fact is that (unlike the Na = 1, Nt — 4 case) it is impossible to construct a matching, "A bl " = 
a(ro)/(A"), in a way that respects the global symmetries. 
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2, with Na matter supermultiplets in the adjoint representation, Nf supermultiplets in the 
fundamental representation and Nf supermultiplets in the anti-fundamental representation. 
More properties of SU(N C ) supersymmetric gauge theories were studied and will be reported 
in ||15|| . Moreover, preliminary results in SU(2) x SU(2) supersymmetric gauge theories, with 
matter supermultiplets in the (1, 3) and (2, 2) n representations, were reported in this symposium 
by S. Forste, and will appear in [|16|j . 
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